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Let G be a ﬁnite group. A subgroup H of G is said to be c-
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normal subgroup of G contained in H . We investigate the structure
of G under the assumption that some families of subgroups of G
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1. Introduction
Throughout this paper, all groups are ﬁnite. Recall that a minimal subgroup of G is a subgroup of
prime order. A subgroup H of a group G is said to be complemented in G if there exists a subgroup
K of G such that G = HK and H ∩ K = 1. A subgroup H of G is said to be c-supplemented in G
if there exists a subgroup K of G such that G = HK and H ∩ K  HG , where HG =⋂g∈G Hg is the
largest normal subgroup of G contained in H [4]. It is clear from the deﬁnitions that a complemented
subgroup of G is c-supplemented in G . The converse is not true as the following examples show:
Example 1.1. Let P be a nonabelian p-group. Then φ(P ) is a nontrivial subgroup of P which is clearly
not complemented in P but it is normal in P and so c-supplemented in P .
Example 1.2. Take G = GL(2,3) and K = SL(2,3). Then K is normal in G . Let P be a Sylow 2-subgroup
of G and Q a Sylow 3-subgroup of G . Clearly, K ∩ P is a quaternion group of order 8 and a normal
subgroup of G . Further, φ(K ∩ P ) is a normal subgroup of G of order 2 and so φ(K ∩ P )Q is a
subgroup of K . Take H = φ(K ∩ P )Q . Clearly, H is not normal in G , G = HP and H ∩ P = φ(K ∩ P ) =
HG < H < G. Hence H is c-supplemented in G . Clearly, H is not complemented in G .
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group in , and if G/M and G/N are in , then G/(M ∩N) is in . A formation is said to be saturated
if G/φ(G) ∈  implies that G ∈ . Throughout this paper U will denote the class of supersolvable
groups. Clearly, U is a formation. Since G is supersolvable if and only if G/φ(G) is supersolvable [21,
Chap. I, Corollary 3.2], we have that U is saturated. The U -hypercenter of a group G will be denoted
by ZU (G), i.e., ZU (G) is the product of all normal subgroups H of G such that every chief factor of G
below H has prime order.
For any group G , the generalized Fitting subgroup F ∗(G) is the set of all elements x of G which
induce an inner automorphism on each chief factor of G [10, Chap. X, Section 13].
A well-known nice result of Hall states that a group G is solvable if and only if each Sylow
subgroup of G is complemented in G (see [6, I, 3.5]). Hall also proved in [8] that a group G is super-
solvable with elementary abelian Sylow subgroups if and only if each subgroup of G is complemented
in G . In [3], Ballester-Bolinches and Guo proved that if each minimal subgroup of G is complemented
in G , then G is supersolvable. They also proved that if all maximal subgroups of each Sylow subgroup
of G are complemented in G , then G is supersolvable. Recently, the author [1] proved the following
two theorems:
Theorem 1.3. Let  be a saturated formation containing U and G a group with a normal subgroup E such that
G/E ∈ . For each prime p dividing |E|, let P be a Sylow p-subgroup of E and let D be a subgroup of P such
that 1  |D| < |P |. Suppose that each subgroup H of P with |H| = pn|D| (n = 0,1) is complemented in G.
Then G ∈ .
Theorem 1.4. Let  be a saturated formation containing U and G a group with a normal subgroup E such that
G/E ∈ . For each prime p dividing |F ∗(E)|, let P be a Sylow p-subgroup of F ∗(E) and let D be a subgroup of
P such that 1 |D| < |P |. Suppose that each subgroup H of P with |H| = pn|D| (n = 0,1) is complemented
in G. Then G ∈ .
From the above mentioned results, we note that complementation of some families of subgroups
of a group has a strong inﬂuence on its structure. The main purpose of this paper is to investigate the
structure of G under the assumption that some families of subgroups of G are c-supplemented in G .
More precisely, we prove the following two theorems:
Theorem 1.5. Let  be a saturated formation containing U and G a group with a normal subgroup E such
that G/E ∈ . For each prime p dividing |E|, let P be a Sylow p-subgroup of E and let D be a subgroup of P
such that 1 |D| < |P |. Suppose that each subgroup H of P with |H| = pn|D| (n = 0,1) is c-supplemented
in G. If P is a nonabelian 2-group and |D| = 1, suppose further that each cyclic subgroup of P of order 4 is
c-supplemented in G. Then G ∈ .
Theorem 1.6. Let  be a saturated formation containing U and G a group with a normal subgroup E such that
G/E ∈ . For each prime p dividing |F ∗(E)|, let P be a Sylow p-subgroup of F ∗(E) and let D be a subgroup of P
such that 1 |D| < |P |. Suppose that each subgroup H of P with |H| = pn|D| (n = 0,1) is c-supplemented
in G. If P is a nonabelian 2-group and |D| = 1, suppose further that each cyclic subgroup of P of order 4 is
c-supplemented in G. Then G ∈ .
Theorems 1.5 and 1.6 extend and improve some well-known results in the literature (see Sec-
tion 4).
Most of the notation is standard and can be found in [6].
2. Preliminaries
Lemma 2.1. (See [4, Lemma 2.1].) Let G be a group and H  K  G.
(1) If H is c-supplemented in G, then H is c-supplemented in K .
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(3) Let π be a set of primes, H is a π -subgroup of G and L a normal π ′-subgroup of G. If H is c-supplemented
in G, then HL/L is c-supplemented in G/L.
Lemma 2.2. (See [21, Chap. 1, Theorem 7.19].) Let H  G. Then H  ZU (G) if and only if H/φ(H) 
ZU (G/φ(H)).
Lemma 2.3. (See [1, Lemma 3.6].) Let P be a normal p-subgroup of G. If each maximal subgroup of P is
complemented in G, then P  ZU (G).
Lemma 2.4. (See [2, Theorem 1.1].) Let P be a normal p-subgroup of G, where p is an odd prime. If each
subgroup of P of order p is c-supplemented in G, then P  ZU (G).
Lemma 2.5. (See [1, Lemma 3.7].) Let P be a normal p-subgroup of G. Let D be a subgroup of P such that
1 |D| < |P |. Suppose that each subgroup H of P with |H| = pn|D| (n = 0,1) is complemented in G. Then
P  ZU (G).
Lemma 2.6. (See [6, Chap. A, Theorem 11.3].) Let H be a normal subgroup of G such that (|H|, |G/H|) = 1.
Then H has a complement in G.
Deﬁnition 2.7. Let G be a group of order pe11 p
e2
2 . . . p
er
r , where p1 > p2 > · · · > pr . Then G satisﬁes the
Sylow tower property if and only if there exist P1, P2, . . . , Pr such that Pi is a Sylow pi-subgroup of
G and P1P2 . . . Pk  G for k = 1,2, . . . , r.
Lemma 2.8. (See [9, VI, 9.1].) Let G be a supersolvable group. Then
(1) G satisﬁes the Sylow tower property.
(2) G is p-nilpotent for the smallest prime p dividing |G|.
(3) G has a normal Sylow p-subgroup for the largest prime p dividing |G|.
Lemma 2.9. Let G be a group and let P be a Sylow p-subgroup of G, where p is the smallest prime dividing |G|.
(1) If P is a nonabelian 2-group and each cyclic subgroup of P of order 2 or 4 is c-supplemented in G, then G
is 2-nilpotent [17, Lemma 2.6].
(2) If P is an abelian 2-group and each subgroup of P of order 2 is c-supplemented in G, then G is 2-nilpotent
[17, Lemma 2.6].
(3) If G is of odd order and each subgroup of P of order p is c-supplemented in G, then G is p-nilpotent.
Proof. (3) Suppose that G is not p-nilpotent. Then G contains a minimal non p-nilpotent subgroup H .
Hence each proper subgroup of H is nilpotent and H = [Hp]Hq , where Hp is a Sylow p-subgroup of
H and Hq is a Sylow q-subgroup of H , and the exponent of P is p by [9, IV, 5.4].
If each subgroup of Hp of order p is normal in H , then Hp = Ω1(Hp)  Z(H) and so H is p-
nilpotent by [9, IV, 5.5 a)], a contradiction.
If there exists a nonnormal subgroup L of H such that |L| = p, then L is c-supplemented in G by
the hypothesis of (3). By Lemma 2.1(1), L is c-supplemented in H , i.e., there exists a subgroup K of
H such that H = LK and L ∩ K  LH . Since L is not normal in H and |L| = p, we have that L ∩ K = 1.
Then K  H and so Hq  H , a contradiction. 
Lemma 2.10. (See [7, Theorem 3.1].) Let p be the smallest prime dividing the order of a group G and P a Sylow
p-subgroup of G. If each maximal subgroup of P is c-supplemented in G, then G is p-nilpotent.
Lemma 2.11. (See [9, VI, 6.3].) If R is a normal subgroup of a group G and R/φ(G) is p-nilpotent, then R is
p-nilpotent.
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where p is the smallest prime dividing |G|. Let D be a subgroup of P such that 1  |D| < |P |. Suppose that
each subgroup H of P with |H| = pn|D| (n = 0,1) is complemented in G. Then G is p-nilpotent.
Lemma 2.13. (See [21, Appendix C, Theorem 6.3].) Let P be a normal p-subgroup of a group G such that
|G/CG (P )| is a power of p. Then P  Z∞(G).
Lemma 2.14. (See [1, Lemma 3.1].) Let G be a group and let P be a Sylow p-subgroup of G, where p is the
smallest prime dividing |G|. If each subgroup of P of order p is complemented in G, then G is p-nilpotent.
Lemma 2.15. (See [10, Chap. X, Theorem 13.10, Corollary 13.7(d) and Theorem 13.12].) Let G be a group. Then
(1) If F ∗(G) is solvable, then F ∗(G) = F (G).
(2) CG (F ∗(G)) F (G).
Lemma 2.16. (See [21, Chap. 1, Theorem 7.15].) Let H be a normal subgroup of G such that H  ZU (G). Then
G/CG (H) is supersolvable.
Lemma 2.17. If P is a normal Sylow p-subgroup of G and P  ZU (G), where p is the smallest prime divid-
ing |G|, then G is p-nilpotent.
Proof. By Lemma 2.6, G = P K and P ∩ K = 1. It is clear that ZU (G)Q is supersolvable whenever Q
is a Sylow subgroup of K . Then P Q is supersolvable. Hence P Q is p-nilpotent by Lemma 2.8(2) and,
since P  P Q , we have that P Q = P × Q . Then G is p-nilpotent. 
Lemma 2.18. (See [13, II, 7.9].) Let H be a nilpotent normal subgroup of a group G. If H ∩ φ(G) = 1, then H is
the direct product of some minimal normal subgroups of G.
Lemma 2.19. Let  be a saturated formation containing U and G a group with a normal p-subgroup P such
that G/P ∈ . If P  ZU (G), then G ∈ .
Proof. We prove the lemma by induction on |G|. Suppose that P ∩ φ(G) = 1. Then P/(P ∩ φ(G)) 
ZU (G)/(P ∩ φ(G)) ZU (G/P ∩ φ(G)) and, since G/P ∼= (G/(P ∩ φ(G)))/(P/(P ∩ φ(G))) ∈ , we have
that G/(P ∩ φ(G)) ∈  by induction on |G|. Hence G ∈  because  is saturated. Now suppose that
P ∩ φ(G) = 1. Then by Lemma 2.18, P is the direct product of some minimal subgroups of G , i.e.,
P = R1 × R2 × · · · × Rm , where each Ri is a minimal normal subgroup of G . Since P  ZU (G), we
have that |Ri | = p for each i. Since P/Ri  ZU (G/Ri) and G/P ∼= (G/Ri)/(P/Ri) ∈ , we have that
G/Ri ∈  by induction on |G|. Hence if i > 1, G ∈  because  is a formation. Thus |P | = |Ri | = p.
Let M be a maximal subgroup of G such that G = PM and let L = CG(P ). Then L ∩ M  G . Clearly,
G/L ∼= M/(L ∩ M) is an abelian group and, since G/(L ∩ M) = (P (L ∩ M)/(L ∩ M))(M/L ∩ M), we have
that G/(L ∩ M) is supersolvable. Hence G = G/(P ∩ L ∩ M) ∈ . 
Lemma 2.20. Let  be a saturated formation containing U and G a group with a normal nilpotent subgroup
H of G such that G/H ∈ . If H  ZU (G), then G ∈ .
Proof. We prove the lemma by induction on |G|. If H is a subgroup of prime power order, then
G ∈  by Lemma 2.19. Now suppose that H is not of prime power order. Let P be a Sylow p-
subgroup of H and let Q be a q-subgroup of H , where p = q. Both P and Q are normal in G .
Also H/P  ZU (G/P ) and H/Q  ZU (G/Q ). Then G/P ∈  and G/Q ∈  by induction on |G|. Hence
G = G/(P ∩ Q ) ∈ . 
Lemma 2.21. Let  be a saturated formation containing U and G be a group with a solvable normal subgroup
H such that G/H ∈ . If F (H) ZU (G), then G ∈ .
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F (H)/L = F (H/L) by Lemma 2.11 and, since F (H/L)  ZU (G/L) and G/H ∼= (G/L)/(H/L) ∈ , we
have that G/L ∈  by induction on |G| and so G ∈  because  is saturated.
Suppose now that L = 1. Then by Lemma 2.18 F (H) is a direct product of some minimal subgroups
of G , i.e., F (H) = R1 × R2 ×· · ·× Rm , where each Ri is a minimal normal subgroup of G . Since F (H)
ZU (G), we have that Ri is of prime order for each i. Since G/CG (Ri) is isomorphic to a subgroup of
Aut(Ri), we have that G/CG(Ri) is cyclic and so G/CG (Ri) ∈ U for each i. Then G/(⋂mi=1 CG(Ri)) ∈ U
and, since CG(F (H)) =⋂mi=1 CG(Ri), we have that G/CG (F (H)) ∈ U  . Since G/CG (F (H)) ∈  and
G/H ∈ , we have that G/CH (F (H)) ∈ . Since H is solvable, we have that CH (F (H))  F (H) by
Lemma 2.15(2). Then G/F (H) ∈  and, since F (H) ZU (G), we have that G ∈  by Lemma 2.20. 
3. Results
Theorem 3.1. Let p be an odd prime and P a normal p-subgroup of a group G. Suppose that each maximal
subgroup of P is c-supplemented in G. Then P  ZU (G).
Proof. Suppose that the theorem is false and let the pair (G, P ) be a counterexample for which |G||P |
is minimal. We treat with the following two cases:
Case 1. φ(P ) = 1.
By Lemma 2.1(2), each maximal subgroup of P/φ(P ) is c-supplemented in G/φ(P ). Then
P/φ(P ) ZU (G/φ(P )) by the choice of G . Hence P  ZU (G) by Lemma 2.2, a contradiction.
Case 2. φ(P ) = 1.
Let L be a minimal normal subgroup of G such that L  P . Suppose that L = P . Then each
maximal subgroup of P is c-supplemented in G , by the hypothesis of the theorem. Hence each
maximal subgroup of L = P is complemented in G because L is a minimal normal subgroup
of G . Now P  ZU (G) by Lemma 2.3, a contradiction.
Suppose now that L < P . Then there exists a maximal subgroup P1 of P such that L  P1 and
so P = LP1. Hence if L ∩ P1 = 1, |L| = p. By Lemma 2.1(2), each maximal subgroup of P/L is c-
supplemented in G/L. Then P/L  ZU (G/L) by the choice of G and, since |L| = p, we have that
P  ZU (G), a contradiction. Thus L∩ P1 = 1. By the hypothesis of the theorem, there exists a subgroup
K of G such that G = P1K and P1 ∩ K  (P1)G . It is clear that P = P1(P ∩ K ) and P ∩ K  G . Hence if
(P1)G = 1, |P ∩ K | = p. By Lemma 2.1(2), each maximal subgroup of P/(P ∩ K ) is c-supplemented in
G/(P ∩ K ). Then P/(P ∩ K ) ZU (G/(P ∩ K )) by the choice of G and, since |P ∩ K | = p, we have that
P  ZU (G), a contradiction. Thus (P1)G = 1 and, since L  P1, we have that L  (P1)G and so L ∩
(P1)G = 1. By Lemma 2.1(2), each maximal subgroup of P/(P1)G is c-supplemented in G/(P1)G . Then
P/(P1)G  ZU (G/(P1)G) by the choice of G and, since L(P1)G/(P1)G is a minimal normal subgroup of
G/(P1)G such that L(P1)G/(P1)G  P/(P1)G  ZU (G/(P1)G), we have that |L(P1)G/(P1)G | = |L| = p.
By Lemma 2.1(2), each maximal subgroup of P/L is c-supplemented in G/L. Then P/L  ZU (G/L) by
the choice of G and, since |L| = p, we have that P  ZU (G), a ﬁnal contradiction. 
Theorem 3.2. Let p be an odd prime and P a normal p-subgroup of a group G. Suppose that P has a subgroup
D such that 1  |D| < |P | and all subgroups H of P with |H| = pn|D| (n = 0,1) are c-supplemented in G.
Then P  ZU (G).
Proof. Suppose that the theorem is false and let the pair (G, P ) be a counterexample for which |G||P |
is minimal. Then:
(1) |D| > p.
If not, 1  |D|  p. By the hypothesis of the theorem, each subgroup of P of order p is c-
supplemented in G . Then P  ZU (G) by Lemma 2.4, a contradiction.
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If not, |P | = p|D|. By the hypothesis of the theorem, each maximal subgroup of P is c-
supplemented in G . Then P  ZU (G) by Theorem 3.1, a contradiction.
(3) φ(P ) = 1.
If not, φ(P ) = 1. Suppose ﬁrst that |φ(P )| < |D|. Then the hypothesis of the theorem is valid for
the pair (G/φ(P ), P/φ(P )) by Lemma 2.1(2), and so P/φ(P ) ZU (G/φ(P )) by the choice of G .
Hence P  ZU (G) by Lemma 2.2, a contradiction.
Suppose second that |φ(P )| = |D|. Then by the hypothesis of the theorem, each subgroup of
P/φ(P ) of order p is c-supplemented in G/φ(P ) by Lemma 2.1(2). Then P/φ(P ) ZU (G/φ(P ))
by Lemma 2.4 and so P  ZU (G) by Lemma 2.2, a contradiction.
Suppose now that |φ(P )| > |D|. Then the hypothesis of the theorem is valid for the pair (G, φ(P ))
and so φ(P ) ZU (G) by the choice of G . Hence φ(P ) contains a normal subgroup L of G of order
p. By (1), |D| > p = |L|. Then the hypothesis of the theorem is valid for the pair (G/L, P/L) by
Lemma 2.1(2), so P/L  ZU (G/L) by the choice of G and, since |L| = p, we have that P  ZU (G),
a contradiction.
(4) P is not a minimal normal subgroup of G .
By the hypothesis of the theorem, all subgroups H of P with |H| = pn|D| (n = 0,1) are c-
supplemented in G . By (2), |P | > p|D|. Hence if P is a minimal normal subgroup of G , all
subgroups H of P with |H| = pn|D| (n = 0,1) are complemented in G . Then P  ZU (G) by
Lemma 2.5, a contradiction.
(5) Finishing the proof.
Let L be a minimal normal subgroup of G and L  P . Then L = P by (4). Suppose ﬁrst that
|L| > |D|. If |L| = p|D|, then each maximal subgroup of L is c-supplemented in G by the hy-
pothesis of the theorem and so L  ZU (G) by Theorem 3.1, which implies that |L| = p > |D|,
contradicting (1). If |L| > p|D|, then all subgroups H of L with |H| = pn|D| (n = 0,1) are comple-
mented in G . Hence L  ZU (G) by Lemma 2.5 which implies that |L| = p, a contradiction. Thus
|L| |D|.
Suppose second that |L| < |D|. Then the hypothesis of the theorem is valid for the pair (G/L, P/L)
by Lemma 2.1(2). Hence P/L  ZU (G/L) by the choice of G and so P/L contains a subgroup L1/L
such that |L1| = p|D| and L1  G . By (2), L1 = P . By the hypothesis of the theorem, all maximal
subgroups of L1 are c-supplemented in G . Then L1  ZU (G) by Theorem 3.1, which implies that
|L| = p. By (2) |P | > p|D|. Hence the hypothesis of the theorem is valid for the pair (G/L, P/L)
by Lemma 2.1(2) and so P/L  ZU (G/L) by the choice of G and, since |L| = p, we have that
P  ZU (G), a contradiction.
Suppose now that |L| = |D|. Then each subgroup of P/L of order p is c-supplemented in G/L by
Lemma 2.1(2), so P/L  ZU (G/L) by Lemma 2.4. Hence P/L contains a subgroup L1/L such that
|L1/L| = p and L1  G . By (2), L1 = P . It is clear that |L1| = p|D| and all maximal subgroups of
L1 are c-supplemented in G by the hypothesis of the theorem. Then L1  ZU (G) by Theorem 3.1,
which implies that |L| = p = |D|, contradicting (1). 
Theorem 3.3. Let P be a normal Sylow 2-subgroup of G. Suppose that P has a subgroup D such that 1< |D| <
|P | and all subgroups H of P with |H| = 2n|D| (n = 0,1) are c-supplemented in G. Then G is 2-nilpotent.
Proof. Suppose that the theorem is false and let G be a counterexample of minimal order. Then:
(1) |D| > 2.
If not, |D| = 2. Then each cyclic subgroup of P of order 2 or 4 is c-supplemented in G by the
hypothesis of the theorem. Hence G is 2-nilpotent by Lemma 2.9, a contradiction.
(2) |P | > 2|D|.
If not, |P | = 2|D|. Then each maximal subgroup of P is c-supplemented in G by the hypothesis
of the theorem. Hence G is 2-nilpotent by Lemma 2.10, a contradiction.
(3) φ(P ) = 1.
If not, φ(P ) = 1. Since P  G , it follows that there exists a subgroup K of G such that G = P K
and P ∩ K = 1 by Lemma 2.6.
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Lemma 2.1(1) and so φ(P )K is 2-nilpotent by the choice of G . Hence φ(P )  Z∞(G) by
Lemma 2.13 and so Z(G) contains a subgroup L of order 2. By (1) and Lemma 2.1(2), G/L satisﬁes
the hypothesis of the theorem, so G/L is 2-nilpotent by the choice of G and, since L  Z(G), we
have that G is 2-nilpotent, a contradiction.
Suppose second that |φ(P )| = |D|, then each subgroup of P/φ(P ) of order 2 is c-supplemented
in G/φ(P ) by the hypothesis of the theorem. Hence G/φ(P ) is 2-nilpotent by Lemma 2.9(2), so
G is 2-nilpotent by Lemma 2.11, a contradiction.
Suppose ﬁnally that |φ(P )| < |D|. Then G/φ(P ) satisﬁes the hypothesis of the theorem by Lemma
2.1(2), so G/φ(P ) is 2-nilpotent by the choice of G . Hence G is 2-nilpotent by Lemma 2.11, a con-
tradiction.
(4) If L is a minimal normal subgroup of G and L  P , then |L| |D|.
Suppose that |L| > |D|. Hence if P = L, each subgroup H of P with |H| = 2n|D| (n = 0,1) is c-
supplemented in G by the hypothesis of the theorem. By (2), |L| = |P | > 2|D| and, since L = P
is a minimal normal subgroup of G , we have that each subgroup H of L = P with |H| = 2n|D|
(n = 0,1) is complemented in G . Then G is 2-nilpotent by Lemma 2.12, a contradiction. Thus
L < P . Let Q be any Sylow subgroup of G of odd order. Then LQ < G and LQ satisﬁes the
hypothesis of the theorem by Lemma 2.1(1), so LQ is 2-nilpotent by the minimal choice of G .
Then LQ = L × Q for any Sylow subgroup Q of G of odd order. Hence L  Z∞(G) by Lemma
2.13 and so |L| = 2, contradicting (1).
(5) If L is a minimal normal subgroup of G and L < P , then G/L is 2-nilpotent.
By (4), |L|  |D|. Suppose that |L| < |D|, then G/L satisﬁes the hypothesis of the theorem by
Lemma 2.1(2), so G/L is 2-nilpotent by the choice of G . Suppose now that |L| = |D|, then each
subgroup of P/L of order 2 is c-supplemented in G/L by the hypothesis of the theorem and,
since P/L is an abelian by (3), we have that G/L is 2-nilpotent by Lemma 2.9(2).
(6) Finishing the proof.
Let L be minimal normal subgroup of G and L  P . Then |L|  |D| by (4). By (2), |P | > 2|D|,
so L = P . By (5), G/L is 2-nilpotent. Then there exists a normal subgroup M of G such that
|G/M| = 2. Let P1 be a Sylow 2-subgroup of M . By (2), |P1| 2|D|. Then M satisﬁes the hypoth-
esis of the theorem by Lemma 2.1(1) and so M is 2-nilpotent by the choice of G . Hence G is
2-nilpotent, a contradiction. 
Corollary 3.4. Let P be a normal 2-subgroup of a group G. Suppose that P has a subgroup D such that 1 
|D| < |P | and all subgroups H of P with |H| = 2n|D| (n = 0,1) are c-supplemented in G. If P is a nonabelian
2-group and |D| = 1, suppose further that each cyclic subgroup of P of order 4 is c-supplemented in G. Then
P  Z∞(G).
Proof. Let Q be any Sylow subgroup of G of odd order. If 1 < |D| < |P |, then P Q is 2-nilpotent by
Theorem 3.3 and so P Q = P × Q . If P is abelian and |D| = 1, then each subgroup of P of order 2
is c-supplemented in P Q . Then P Q is 2-nilpotent by Lemma 2.9(2) and so P Q = P × Q . If P is
nonabelian and |D| = 1, then each cyclic subgroup of P of order 2 or 4 is c-supplemented in P Q .
Then P Q is 2-nilpotent by Lemma 2.9 (1) and so P Q = P × Q . Thus |G/CG(P )| is a power of 2 if
|D| 1 and so P  Z∞(G) by Lemma 2.13. 
Theorem 3.5. Let G be a group and let P be a Sylow p-subgroup of G, where p is the smallest prime divid-
ing |G|. Suppose that P has a subgroup D such that 1 |D| < |P | and all subgroups H of P with |H| = pn|D|
(n = 0,1) are c-supplemented in G. If P is a nonabelian 2-group and |D| = 1, suppose further that each cyclic
subgroup of P of order 4 is c-supplemented in G. Then G is p-nilpotent.
Proof. Suppose that the theorem is false and let G be a counterexample of minimal order. Then
(1) If G is of odd order, then |D| > p.
If not, |D| = 1 or p. Then all subgroups of P of order p are c-supplemented in G by the hypoth-
esis of the theorem. Hence G is p-nilpotent by Lemma 2.9(3), a contradiction.
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If not, |D| = 1 or 2. Suppose that P is nonabelian. Then each cyclic subgroup of P of order 2
or 4 is c-supplemented in G by the hypothesis of the theorem. Hence G is 2-nilpotent by
Lemma 2.9(1), a contradiction.
Suppose now that P is abelian. Then each subgroup of P of order 2 is c-supplemented in G by
the hypothesis of the theorem. Then G is 2-nilpotent by Lemma 2.9(2), a contradiction.
(3) |P | > p|D|.
If not, |P | = p|D|. Then all maximal subgroups of P are c-supplemented in G by the hypothesis
of the theorem. Hence G is p-nilpotent by Lemma 2.10, a contradiction.
(4) P is not normal in G .
If not, P  G . Then P  ZU (G) by Theorem 3.2 and Corollary 3.4. Hence G is p-nilpotent by
Lemma 2.17, a contradiction.
(5) There exists a subgroup H of P with |H| = |D| or |H| = p|D| such that H is not complemented
in G .
If not, all subgroups H of P with |H| = pn|D| (n = 0,1) are complemented in G . Then G is
p-nilpotent by Lemma 2.12, a contradiction.
(6) 1< O p(G) < P .
By (5), there exists a subgroup H of P with |H| = |D| or |H| = p|D| such that H is not
complemented in G . By the hypothesis of the theorem H is c-supplemented, i.e., there exists
a subgroup K of G such that G = HK and H ∩ K  HG . Since H is not complemented in G , we
have that 1 = HG  O p(G). By (4), O p(G) < P .
(7) O p′ (G) = 1.
If not, O p′ (G) = 1. Then G/O p′ (G) satisﬁes the hypothesis of the theorem by Lemma 2.1(3). Then
G/O p′ (G) is p-nilpotent by the choice of G and so G is p-nilpotent, a contradiction.
(8) If L is a nontrivial normal subgroup of G, L < P and G/L is p-nilpotent, then G is p-nilpotent.
It is clear that G has a normal subgroup M such that |G/M| = p. Let P1 be a Sylow p-subgroup
of M . Then |P1| p|D| by (3). Then M satisﬁes the hypothesis of the theorem by Lemma 2.1(1).
Hence M is p-nilpotent by the choice of G and so G is p-nilpotent.
(9) |O p(G)| |D|.
If not, |O p(G)| > |D|. By (6), O p(G) < P and so O p(G)Q < G for each Sylow subgroup Q of G
with (|Q |, p) = 1. Then O p(G)Q satisﬁes the hypothesis of the theorem by Lemma 2.1(1), so
O p(G)Q = O p(G) × Q by the choice of G . Hence O p(G)  Z∞(G) by Lemma 2.13, and, since
O p′ (G) = 1 by (7), we have that O p(G) = Z∞(G). Now we conclude that O p(G) contains a
subgroup L of order p such that L  Z(G). By (1) and (2), p = |L| < |D|. Then by Lemma 2.9(2),
G/L satisﬁes the hypothesis of the theorem. Hence G/L is p-nilpotent by the choice of G and,
since L  Z(G), we have that G is p-nilpotent, a contradiction.
(10) Finishing the proof.
By (9), |O p(G)|  |D|. Suppose that |O p(G)| < |D|, then G/O p(G) satisﬁes the hypothesis of
the theorem by Lemma 2.1(2) and so G/O p(G) is p-nilpotent by the choice of G . Hence G is
p-nilpotent by (8), a contradiction.
Suppose now that |O p(G)| = |D|. Then each subgroup of P/O p(G) of order p is c-supplemented
in G/O p(G) by the hypothesis of the theorem. Hence each subgroup of P/O p(G) of order
p is complemented in G/O p(G) because O p(G) is the largest normal p-subgroup of G . Thus
G/O p(G) is p-nilpotent by Lemma 2.14 and so G is p-nilpotent by (8), a contradiction. 
Theorem 3.6. Let G be a group. For each prime p dividing |G|, let P be a Sylow p-subgroup of G. Suppose
that P has a subgroup D such that 1 |D| < |P | and all subgroups H of P with |H| = pn|D| (n = 0,1) are
c-supplemented in G. If P is a nonabelian 2-group and |D| = 1, suppose further that each cyclic subgroup of
P of order 4 is c-supplemented in G. Then G is supersolvable.
Proof. Suppose that the theorem is false and let G be a counterexample of minimal order. By The-
orem 3.5, G is p-nilpotent, where p is the smallest prime dividing |G|, i.e., there exists a normal
subgroup K of G such that G = P K and P ∩ K = 1. By Lemma 2.1(1), K satisﬁes the hypothesis of
the theorem and so K is supersolvable by our choice of G . By Lemma 2.8(3), K has a normal Sylow
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But G/Q satisﬁes the hypothesis of the theorem by Lemma 2.1(3) and so G/Q is supersolvable by
the choice of G and, since Q  ZU (G) by Theorem 3.2, it follows that G is supersolvable, a contradic-
tion. 
Theorem 3.7. Let G be a group. For each prime p dividing |F ∗(G)|, let P be a Sylow p-subgroup of F ∗(G). Sup-
pose that P has a subgroup D such that 1 |D| < |P | and all subgroups H of P with |H| = pn|D| (n = 0,1)
are c-supplemented in G. If P is a nonabelian 2-group and |D| = 1, suppose further that each cyclic subgroup
of P of order 4 is c-supplemented in G. Then G is supersolvable.
Proof. Suppose that the theorem is false and let G be a counterexample of minimal order. By
Lemma 2.1(1), the hypothesis of the theorem is still valid for F ∗(G). Then F ∗(G) is supersolv-
able by Theorem 3.6; in particular F ∗(G) is solvable and so F ∗(G) = F (G) by Lemma 2.15(1). Then
F (G) ZU (G) by Theorem 3.2 and Corollary 3.4 and so G/CG (F (G)) is supersolvable by Lemma 2.16.
But CG(F (G)) F (G) by Lemma 2.15(2). Then G/F (G) is supersolvable and, since F (G) ZU (G), we
have that G is supersolvable, a contradiction. 
We can now prove Theorems 1.5 and 1.6.
Proof of Theorem 1.5. Suppose that the theorem is false and let G be a counterexample of minimal
order. For each prime p dividing |E|, let P be a Sylow p-subgroup of E . Then by Lemma 2.1(1), all
subgroups H of P with |H| = pn|D| (n = 0,1) are c-supplemented in E and if P is a nonabelian 2-
group, then each cyclic subgroup of P of order 4 is c-supplemented in E . Hence E is supersolvable
by Theorem 3.6. Let Q be a Sylow q-subgroup of E , where q is the largest prime dividing |E|. Since
E is supersolvable, it follows that Q  E by Lemma 2.8(3) and so Q is characteristic in E . Then
Q  G and so Q  ZU (G) by Theorem 3.2 and Corollary 3.4. Hence if Q = E , G ∈  by Lemma 2.19,
a contradiction. Thus Q = E . Clearly, G/E ∼= (G/Q )/(E/Q ) ∈  and the pair (G/Q , E/Q ) satisﬁes the
hypothesis of the theorem by Lemma 2.1(3). Then G/Q ∈  by our choice of G and, since Q  Z(G),
we have that G ∈  by Lemma 2.19, a contradiction. 
Proof of Theorem 1.6. By Lemma 2.1(1) and Theorem 3.7, E is supersolvable and so E is solvable.
Then F ∗(E) = F (E) by Lemma 2.15(1). But F (E)  ZU (G) by Theorem 3.2 and Corollary 3.4. Then
G ∈  by Lemma 2.21. 
4. Applications of Theorems 1.5 and 1.6
The following well-known results in the literature are immediate consequences of Theorems 1.5
and 1.6.
Corollary 4.1. (See Buckley [5].) Let G be a group of odd order. If all minimal subgroups of G are normal in G,
then G is supersolvable.
Corollary 4.2. (See Srinivasan [14].) If all maximal subgroups of each Sylow subgroup of G are normal in G,
then G is supersolvable.
Corollary 4.3. (See Ramadan [12].) Let G be a solvable group. If all maximal subgroups of each Sylow subgroup
of F (G) are normal in G, then G is supersolvable.
A subgroup H of G is said to be c-normal in G if there exists a normal subgroup K of G such that
G = HK and H ∩ K  HG . It is clear that a c-normal subgroup is c-supplemented. The converse is not
true. This is easily seen by examining A5 and PSL(2,7).
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normal in G, then G is supersolvable.
Corollary 4.5. (See Wang [15].) If all maximal subgroups of each Sylow subgroup of G are c-normal in G, then
G is supersolvable.
Corollary 4.6. (See Li, Guo [11].) Let G be a group and E a solvable normal subgroup of G such that G/E is
supersolvable. If all maximal subgroups of each Sylow subgroup of F (E) are c-normal in G, then G is super-
solvable.
Corollary 4.7. (See Li, Guo [11].) Let G be a group and E a solvable normal subgroup of G such that G/E is
supersolvable. If all minimal subgroups and all cyclic subgroups with order 4 of F (E) are c-normal in G, then
G is supersolvable.
Corollary 4.8. (See Wei [18].) Let  be a saturated formation containing U and G a group with a solvable
normal subgroup E such that G/E ∈ . If all maximal subgroups of each Sylow subgroup of F (E) are c-normal
in G, then G ∈ .
Corollary 4.9. (See Wei [18].) Let  be a saturated formation containing U and G a group with a solvable
normal subgroup E such that G/E ∈ . If all minimal subgroups and all cyclic subgroups with order 4 of F (E)
are c-normal in G, then G ∈ .
Corollary 4.10. (See Wei, Wang, Li [19].) Let  be a saturated formation containing U and G a group with a
solvable normal subgroup E such that G/E ∈ . If all minimal subgroups and all cyclic subgroups with order 4
of F ∗(E) are c-normal in G, then G ∈ .
Corollary 4.11. (See Wei, Wang, Li [19].) Let  be a saturated formation containing U and G a group with a
normal subgroup E such that G/E ∈ . If all maximal subgroups of each Sylow subgroup of F ∗(E) are c-normal
in G, then G ∈ .
Corollary 4.12. (See Wang [16].) Let G be a group and E a normal subgroup of G such that G/E is supersolv-
able. If all maximal subgroups of each Sylow subgroup of E are c-supplemented in G, then G is supersolvable.
Corollary 4.13. (See Wang, Wei, and Li [17].) Let  be a saturated formation containing U and G a group and
E a solvable normal subgroup such that G/E ∈ . If all maximal subgroups of each Sylow subgroup of F (H)
are c-supplemented in G, then G ∈ .
Corollary 4.14. (See Wei, Wang, and Li [20].) Let  be a saturated formation containing U . Let G be a group
and E a normal subgroup such that G/E ∈ . If all maximal subgroups of each Sylow subgroup of F ∗(E) are
c-supplemented in G, then G ∈ .
Corollary 4.15. (See Wei, Wang, and Li [20].) Let  be a saturated formation containing U . Let G be a group
and E a normal subgroup of G such that G/E ∈ . If all minimal subgroups and all cyclic subgroups with order
4 of F ∗(E) are c-supplemented in G, then G ∈ .
Corollary 4.16. (See Ballester-Bolinches and Guo [3].) Let G be a group and let E be a normal subgroup of G
such that G/E is supersolvable. If each minimal subgroup of E is complemented in G, then G is supersolvable.
Corollary 4.17. (See Ballester-Bolinches and Guo [3].) Let G be a group and let E be a normal subgroup of G
such that G/E is supersolvable. If all maximal subgroups of each Sylow subgroup of E are complemented in G,
then G is supersolvable.
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